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Identification of modular structure

Generative models

Model likelihood: P (A|θ, b)

A → network
b → partition of the nodes into groups
θ → more model parameters

Bayesian inference

P (b|A) =
P (A|b)P (b)

P (A)

P (A|b) =

∫
P (A|θ, b)P (θ)dθ



The stochastic block model (SBM)
Common formulations

Bernoulli

P (A|p, b) =
∏
i<j

p
Aij

bibj
(1− pbibj )1−Aij

prs → edge probability between two
nodes of groups r and s

(simple graphs)

Poisson

P (A|λ, b) =
∏
i<j

λ
Aij

bibj
e
−λbibj

Aij !

λrs → average number of edges
between two nodes of groups r and s

(multigraphs)

Microcanonical

P (A|e, b)

ers → total number of edges between
groups r and s

(i.e. hard constraints)
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Why Microcanonical?

Two good advantages:

I Efficiency: Inference becomes possible not only for networks
with a very large number of nodes and edges, but also with
an unlimited number of groups.

I Deeper Bayesian hierarchies: Noninformative priors can be
replaced by conditioned priors and hyperpriors.



Marginal likelihood
“Canonical” marginal likelihood:

P (A|b) =

∫
P (A|θ, b)P (θ)dθ

Microcanonical marginal likelihood:

P (A|b) =
∑
θ

P (A|θ, b)P (θ)

= P (A|θ̂, b)P (θ̂) = P (A, θ̂|b)

Marginal ↔ Joint

Deeper Bayesian hierarchies:

P (A|b) =
∑
θ

∑
α

P (A|θ, b)P (θ|α)P (α)

= P (A|θ̂, b)P (θ̂|α̂)P (α̂) = P (A, θ̂, α̂|b)
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Minimum description length (MDL)

P (b|A) =
P (A, b)

P (A)
=
P (A, θ, b)

P (A)
=

exp(−Σ)

P (A)

Description length:

Σ = − lnP (A|θ, b)︸ ︷︷ ︸
Data

− lnP (θ, b)︸ ︷︷ ︸
Model



Degree-correction

Traditional SBM

Degree-corrected SBM

P (A|λ,θ, b) =
∏
i<j

(θiθjλbibj )Aij e
−θiθjλbibj

Aij !

θi → average degree of node i
(Karrer and Newman 2011)
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Degree-corrected microcanonical SBM

Node partition, b.

Edge counts between groups, e.

Degree sequence, k. Adjacency matrix, A.
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Model likelihood: Half-edge pairings
Configuration model with group structure

P (A|e,k, b) =
Ξ(A)

Ω(e)

Ω(e) =

∏
r<s ers!

∏
r err!!∏

r er!

Ξ(A) =

∏
i<j Aij !

∏
iAii!!∏

i ki!



Prior for the partition

Option 1: Noninformative

P (b|B) =
1

BN (1−B(1− 1/B)N )

B → Number of nonempty groups

Option 2: Conditioned on group sizes

P (b|B) = P (b|n)P (n)

=
N !∏
r nr!

×

(
N − 1

B − 1

)−1

For N � B:

− lnP (b|B) ≈ NH(n) +O(B lnN)

H(n) = −
∑
r

nr
N

ln
nr
N
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Prior for the degrees
Option 0: Random half-edges
(Non-degree-corrected)

P (k|e, b) =
∏
r

er!

nerr
∏
i∈r ki!

Option 1: Noninformative

P (k|e, b) =
∏
r

((
nr
er

))−1
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Prior for the degrees
Option 2: Conditioned on degree distribution

P (k|b, e) = P (k|η)P (η)

=
∏
r

nr!∏
r η

r
k!
×
∏
r

q(er, nr)
−1

0 500 1000 1500 2000

k

10−3

10−2

10−1

100

101

102

103

104

〈 η
k〉

Non-degree-corrected
Noninformative
Conditioned
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Bose-Einstein statistics
N “bosons” (nodes)

ki → “energy level” (degree)

〈ηk〉 =
1

exp(µk + λ)− 1

N � 1, E ∼ N
µ→ 1/

√
E, λ→ 0

〈ηk〉 ≈
1

λ+ µk
≈ 1

k
k � E

− lnP (k|e, b) ≈
∑
r

nrH(ηr) +O(
√
nr)

H(ηr) = −
∑
k

(ηrk/nr) ln(ηrk/nr)
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Prior for the degrees: Integer partitions

q(m,n) → number of partitions of integer m into at most n parts

Exact computation

q(m,n) = q(m,n− 1) + q(m− n, n)

Full table for n ≤ m ≤M in time
O(M2).

Approximation

q(m,n) ≈ f(u)

m
exp(
√
mg(u)),

f(u) =
v(u)

23/2πu

[
1− (1 + u2/2)e−v(u)

]−1/2

g(u) =
2v(u)

u
− u ln(1− e−v(u))

v = u
√
−v2/2− Li2(ev)

(Szekeres, 1951)
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Prior for the edge counts

Option 1: Noninformative

P (e) =

((((B
2

))
E

))−1

((
n
m

))
=
(
n+m−1

m

)



“Resolution” problem

Planted partition

B groups of uniform size N/B,
perfectly assortative:

err = 2E/B, ers = 0, r 6= s.

For N � 1, E ∼ N,B � 1

− lnP (A, e, b) ≈ 2E lnN/B︸ ︷︷ ︸
Network

+ N lnB︸ ︷︷ ︸
Partition

+ B2 ln 2E︸ ︷︷ ︸
Edge counts

Bmax = O(
√
N)
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Prior for the edge counts: Group hierarchies

l =
0

l =
1

l =
2

l =
3

N
ested

m
odel

O
bserved

netw
ork

N nodes

E edges

B0 nodes

E edges

B1 nodes

E edges

B2 nodes

E edges

Option 2: Conditioned on... another SBM!

P (el|bl, el+1) =
∏
r<s

((
nl
rn

l
s

el+1
rs

))−1

×

∏
r

((
nl
r(nl

r+1)/2

el+1
rr /2

))−1

For planted partition:

Bmax = O

(
N

logN

)
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Resolution problem in the wild

Flat Hierarchical
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The whole model

P (A,k, {bl}, {el}|B,E,L) = P (A|k, b0, e1)P (k|b0, e1)
L∏
l=1

P (el|bl, el+1)P (bl|Bl)

Boundary: BL = 1, eL+1 = {2E}

P (B) =
1

N
P (E) =

(
N

2

)−1

P (L) = 1/N



Inference algorithm: Metropolis-Hastings

I Move proposal, bi = r → bi = s

I Accept with probability

a = min

(
1,
P (b′|A)P (b→ b′)

P (b|A)P (b′ → b)

)
.

Move proposal of node i requires O(ki) operations. A whole MCMC sweep
can be performed in O(E) time, independent of the number of
groups, B.

In contrast to:
1. EM + BP with Bernoulli SBM: O(EB2) (Semiparametric) [Decelle et al, 2011]
2. Variational Bayes with (overlapping) Bernoulli SBM: O(EB) (Semiparametric) [Gopalan
and Blei, 2011]
3. Bernoulli SBM with noninformative priors: O(EB2) (Greedy) [Côme and Latouche, 2015]
4. Poisson SBM with noninformative priors: O(EB2) (Gibbs) [Newman and Reinert, 2016]



Efficient inference: other improvements

Smart move proposals

I Choose a random vertex i
(happens to belong to group r).

I Move it to a random group
s ∈ [1, B], chosen with a
probability p(r → s|t) proportional
to ets + ε, where t is the group
membership of a randomly chosen
neighbour of i.

i

bi = r

j

bj = t

etr

ets

etur

t

s

u

Fast mixing times.

Agglomerative initialization

I Start with B = N .

I Progressively merge groups.

Avoids metastable states.



Sampling hierarchies

P ({bl}|A) =
P (A,k, b0|e1)

∏
l P (el−1, bl|el)

P (A)

= P (b0|A, e1,k)
∏
l

P (bl|el−1, el)

with per-level posteriors

P (b0|A,k, e1) =
P (A|e1,k, b0)P (k)P (b0)

P (A|e1)

P (bl|el−1, el) =
P (el|el+1, bl)P (bl)

P (el|el+1)
.



Sampling vs. Maximization

Maximization (MDL)

{b̂l} = argmax
{bl}

P ({bl}|A)

Finds the best partition, and number
of groups {Bl}.

Sampling

{bl} ∼ P ({bl}|A)

Finds the best posterior ensemble;
marginal posterior P (Bl|A).



Some results for maximization

Political blogs
(N = 1, 222, E = 19, 027) Internet (AS)

(N = 52, 104, E = 399, 625)



Sampling vs. maximization

Karate Club (N = 34, E = 78)
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Les Misérables character co-appearances (N = 77, E = 254)
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American Football (N = 115, E = 613)
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Sampling vs. maximization
C. elegans neural network (N = 297, E = 2, 359)
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Power grid (N = 4, 941, E = 6, 594)

15 18 21 24 27 30 33 36 39
B0

0.0

0.2

0.4

0.6

0.8

1.0

P
(B

0|AA A
)

Non-degree-corrected
Degree-corrected (uniform)
Degree-corrected (conditioned)

4 6 8 10 12 14 16 18 20 22
B1

0.0

0.1

0.2

0.3

0.4

0.5

0.6

P
(B

1|AA A
)

0 2 4 6 8 10 12 14
B2

0.0

0.1

0.2

0.3

0.4

0.5

0.6

P
(B

2|AA A
)

E-mail (N = 1, 133, E = 5, 451)
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Airports (N = 3, 286, E = 68, 344)
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Sampling vs. maximization

Linux source code (N = 30, 837, E = 213, 954)
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Human protein interactions (N = 6, 327, E = 147, 547)
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PGP web of trust (N = 39, 796, E = 301, 498)
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Model selection
1. Best model fit

Λ =
P (A, {bl}|H1)

P (A, {b′l}|H2)
= exp(−∆Σ)

2. Average over models

Λ =
P (A|H1)

P (A|H2)

P (A|H) =
∑
{bl}

P (A, {bl}|H)

lnP (A) =
∑
{bl}

q({bl}) lnP (A, {bl})︸ ︷︷ ︸
−〈Σ〉

−
∑
{bl}

q({bl}) ln q({bl})︸ ︷︷ ︸
−S

q({bl}) = P ({bl}|A) =
P ({bl},A)

P (A)

q({bl}) ≈
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ql(bl)

q0(b0) ≈
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i<j

qij(b
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i), l > 0
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Model selection

1. Best model fit (MDL)
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For code, see:

http://graph-tool.skewed.de
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